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Torsional Buckling Analysis of Composite Cylinders
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A buckling analysis of composite cylinders under torsion is performed by using the geometrically nonlinear
� nite element analysis. A nine-node assumed strain shell-element model with six degrees of freedom per node is
used for the analysis. The buckling load of a composite cylinder is found by searching for a bifurcation point on
the geometrically nonlinear deformation path. The corresponding buckling mode is obtained from the eigenvalue
analysis at the bifurcation point. Numerical results show good agreement with linear solutions for isotropic and
most composite cylinders, but large discrepancies in some cases. This discussion focuses on the pinpoint of the
bifurcation point on the nonlinear path and the differences of torsional buckling loads between the nonlinear and
linear solutions for various types of composite cylinders.

I. Introduction

A CERTAIN structure can preserve its original shape with very
small deformation up to some level of compressive load. This

structure experiences abrupt large deformation in a particular pat-
tern after the applied load reaches the so-called buckling load. It
is well known that there are two types of buckling: the limit point
(snapthrough) and bifurcation. For structures with nonlinear pre-
buckling behavior, it may be dif� cult to pinpoint the bifurcation
point, whereas tracing the limit point is a relatively easy task.

For a cylindersubjectedto torsion,bucklinghas beenpredictedby
assuming that prebuckling deformation is linear and negligible; in
other words, the linear buckling theory. Torsional buckling loads of
compositecylinderscan be calculatedby using shell theories.Tabiei
and Simitses1 used the classical(CL) shell theory that neglectsshear
deformationof shellsandother two shell theorieswith the � rst-order
shear deformation (FOSD) assumption and higher-order shear de-
formation (HOSD) assumption to calculatetorsionalbuckling loads
of compositecylinderswith variousradius-to-thickness(R=t ) ratios
and length-to-radius(L=R) ratios.

Tabiei and Simitses2 implemented two kinematics assumptions,
that is, Donnell-type and Sanders-type assumptions, in their pre-
vious shell theories,1 and they used these theories to estimate tor-
sional buckling loads of moderately thick composite cylinders. In
their research, they found that the shell theory based on a Donnell-
type assumptionprovided larger torsionalbuckling loads than those
from the shell theory based on a Sanders-type assumption, as the
shell was getting thicker. Therefore, it becomes clear that torsional
bucklingloadsof compositecylinderscan be differentdependingon
the kinematics assumptions implemented in the shell theories used
for the bucklinganalysis.Huille et al.3 computed torsionalbuckling
loadsof pipesby using the laminatedanisotropicplate theory.Lower
buckling loads than Donnell and Flügge’s solutions4 were obtained
for thick isotropic cylinders. The paper also provided comparison
of their results with experimental buckling loads.

Along with shell theories, the � nite element method has been
widely used for the buckling analysis of structural members sub-
jected to various external loads. However, papers on the buckling
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analysisof composite structuresunder torsion are hard to � nd in the
literature.Nguyen5 proposeda � niteelementformulationfor thecal-
culation of an accurate torsional constant. Moal et al.6 formulated a
� nite elementmodel for the numericalsimulationof tension-torsion
coupling caused by thermomechanical loading.

Although these studies are based on the linear buckling theory,
we need a geometrically nonlinear analysis to obtain the buckling
load of a structure when an initial imperfection is imposed on the
structure. This is because the imperfection transforms the bifurca-
tion point into a limit point. In contrast, some composite cylinders
subjected to torsion, even without imperfections, exhibit geomet-
rically nonlinear behavior from the onset of deformation. In these
cases, the torsional buckling problems should be reviewed in terms
of a geometrically nonlinear analysis.

The objective of this study is to investigate torsional buckling
loads of composite cylinders by using the geometrically nonlinear
analysis. For this purpose, the nine-node assumed strain shell-
element model7 is used. Performance of the element in a geo-
metrically nonlinear stability analysis has been proven in previ-
ous research.8 Therefore, detail formulation of the shell element is
avoided and only key features are explained.The torsionalbuckling
loads of various composite cylinders are calculated by searching
for a bifurcation point on the geometrically nonlinear deformation
path without any imperfection.Numerical results are discussedand
compared with reference solutions from Tabiei and Simitses1 and
Huille et al.3

II. Kinematics of Deformation
Figure 1 represents an enlarged in� nitesimal section of the shell.

The displacement u at an arbitrary point P can be expressed as
follows:

u D uo C O0P0 ¡ OP D uo C ³.t=2/.a0
3 ¡ a3/ (1)

where uo is the displacementat the pointO lyingon the shellmidsur-
face, ³ is the nondimensional coordinate in the thickness direction,
and t is the shell thickness.Generally, the degeneratedsolid shell el-
ement neglects deformation in the thickness direction and assumes
no thicknesschange. In this case, the term .a0

3 ¡ a3/ in Eq. (1), which
stands for change of the normal vector a3, can be represented with
two rotational angles around two in-plane axes. Thus, most shell
elements are formulated based on this assumption.Therefore, mod-
eling of thick structures by using the existing shell element may not
be appropriate.Moreover, the geometrically nonlinear analyses us-
ing those shell elements require large computing times as a result of
the inclusionof the two rotation angles as nodal degreesof freedom
(DOF).
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Fig. 1 Kinematics of deformation.

The term .a0
3 ¡ a3/ can be represented with one vector that has

three components when the thickness is allowed to change. Then,
deformation at an arbitrary point is expressed in terms of six DOF,
that is, three translationalDOF at the point on the shell midsurface
and three components of the change of normal vector .a0

3 ¡ a3/ as
follows:

u D uo C ³.t=2/.a0
3 ¡ a3/ D uo C ³.t=2/uz (2)

where uz D .a0
3 ¡ a3/. Because the thickness is allowed to change,

the shell element may be properly used to model thick shell struc-
tures.The presentshell element also has merit over the conventional
degeneratedsolid shell elements in the performanceof the geomet-
ricallynonlinearanalysis.Convergedsolutionscanbe obtainedeven
for large load increments, because there are no incremental angles
in the incremental formulation.At the same time, the shell element
is formulated to cope with locking phenomena. These features of
the present shell element have been proven in previous studies.7;8

III. Computation of Torsioal Buckling Loads
The torsional buckling load of a composite cylinder is obtained

by � nding the lowest torsion load that makes the determinant of
the global tangent stiffness matrix zero in the course of the geo-
metrically nonlinear analysis. The nine-node assumed strain shell
element with six DOF per node7 is used to construct the incremental
formulation for the geometrically nonlinear analysis of composite
cylinders. Because the detail procedure for the formulation is ex-
plained in Ref. 7, we do not duplicate it here.

The Newton–Raphson method is used to obtain converged solu-
tions, and the convergence criteria are as follows:
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where 1q.i / is incrementof the nodalDOF vectorat the current load
step, q.i ¡ 1/ is the nodal DOF vector at the previous load step, and "
is the error permission. In Eq. (3), the subscripts o and z stand for
the components of uo and uz vectors in Eq. (2), respectively.

As the applied torsion load is increased in the course of the ge-
ometrically nonlinear analysis, the determinant of the tangent stiff-
ness matrix is checked if it becomes zero. The lowest torsion load
that makes the determinantof the tangent stiffnessmatrix zero is re-
gardedas the buckling load.The determinantof the tangentstiffness
matrix at the current load step K.i/ can be expressedas Eq. (4) when
the K.i/ with n rows and n columns is decomposed as K.i / D LDLT

by using triple factorization. In this case, the determinant of K.i / is
expressed as follows:

detK.i/ D
nY

i D 1

Dii (4)

where L is the lower triangularmatrix and D is the diagonal matrix.
Therefore, a composite cylinder subjected to a torsion load become
unstable when any one of the diagonal terms Dii is zero.

Because the structural instability can happen for two load types,
that is, the limit load and bifurcation load, we need to identify the
type of instability. The current stiffness parameter Sp proposed by

Bergan et al.8 is used to distinguish the bifurcation point from the
limit point. The current stiffness parameter Sp is expressed as

Sp D 1q.1/T
Po

1q.i /T Po

(5)

where 1q.1/ is the incremental nodal DOF vector at the � rst load
step and 1q.i / is the incremental nodal DOF vector at the current
load step. The following criteria are used to identify the bifurcation
point:

det K.i/ D 0; Sp D 0; limit point

det K.i/ D 0; Sp 6D 0; bifurcation point (6)

Increasing the applied torsion load, we may � nd a torsion load
that results in the sign change of detK.i/. When even numbers of in-
stabilitypathsexist,however, the signof det K.i / may notbe changed
and the instability cannot be detected. This situation can be avoided
by countingnumberof negativediagonalsof the D matrix in Eq. (4).
Buckling load is pinpointed by the bisection iteration between the
two torsion loads that make the sign change of detK.i/. The buck-
ling mode for the buckling load is obtained by using the subspace
iteration with the Householder and Q Z inverse iteration.

IV. Numerical Examples
First, the torsionalbuckling load of a cylindermade of an isotrop-

tic material is calculated to compare with the linear buckling load
and to verify the present approach. Subsequently, composite cylin-
ders with various radius-to-thickness (R=t ) ratios and length-to-
radius .L=R/ ratios are analyzed for the calculation of buckling
loads.

Torsional buckling loads of composite cylinders are compared
with linear buckling loads from three shell theories. These are the
classical shell theory without consideration of shear deformation,
shell theorieswith the FOSD assumption,and those with the HOSD
assumption.1 Comparisons of the present torsional buckling loads
of intermediately long composite cylinders with reference solu-
tions from Huille et al.3 are also provided. Because some of three-
dimensional orthotropicmaterial properties such as G23 and º23 are
not provided in this reference, they are properlyassumed according
to engineering judgment. In all calculations, the Newton–Raphson
method is used to � nd convergedsolutions,and the error permission
in Eq. (3) is set equal to 10¡4 .

A. Torsional Buckling Load of an Isotropic Cylinder
Donnell9 derived the torsional buckling load (¿cr; psi) of the sim-

ply supported isotropic cylinder by using the shell theory as Eq. (7)
under the assumption of no shear deformation:

¿cr D 2:8
E

1 ¡ º2

³
t

L

´2

C

s

2:6 C 1:40

³
L2

2Rt

p
1 ¡ º2

´ 3
2

(7)

where R is the radius, L is the length, t is the thickness of the cylin-
der, E is Young’s modulus, and º is Poisson’s ratio. In the present
example, R D 10 (in.), L D 50 (in.), t D 0:1 (in.), E D 107 (psi), and
º D 0:3. The cylinder geometry, boundary condition, and loading
condition are described in Fig. 2.

Fig. 2 Simply supported cylinder under torsion.
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Table 1 Torsional buckling load
of an isotropic cylinder

Load, psi

Mesh Presenta Donnell

10 £ 20 10,903 (5, 3.3%) 10,559
15 £ 30 10,735 (6, 1.7%)

a.n; p/: n is the number of waves in the circumfer-
ence direction, and p is the relative error.

Table 2 Material properties used
in example 1

Property Value

E11 149.617 GPa
G23 2.551 GPa
º23 0.45
E22 D E33 9.928 GPa
G12 D G13 4.481 GPa
º12 D º13 0.28

Fig. 3 Torsional buckling mode of an isotropic cylinder.

Fig. 4 Fixed composite cylinder under torsion.

The resultsof the calculationare summarized in Table 1. With the
15 £ 30 mesh (15 and 30 elements in the longitudinaldirection and
in the circumference directions, respectively), the present analysis
using the nine-node geometrically nonlinear assumed strain shell
element has computed a converged solution very close to Donnell’s
solution.9 The buckling mode of the buckled cylinder is shown in
Fig. 3.

B. Torsional Buckling of Composite Cylinders
Example 1

Tabiei and Simitses1 reported linear torsional buckling loads
of composite cylinders with various R=t ratios and L=R ratios.
In the present example, composite cylinders with R D 0:1905 m,
R=L D 1 or 5, R=t D 15 or 100, and ply orientations [0=90=0]s ,
[30=30=¡60]s , and [¡45=¡45=45]s are analyzed to calculate tor-
sional buckling loads. Positive ply angle and positive torsion load
are described in Fig. 4. Material properties used for the analysis are
summarized in Table 2 (Ref. 1).

It has been found that the � nite element model with a re� ned
mesh in the circumferencedirection shows better convergencethan
with the re� ned model in the logitudianl direction. In the present
example, therefore, we used 8 £ 40 meshes for composite cylin-
ders with L=R D 1, and 16 £ 40 meshes for those with L=R D 5,
regardless of R=t. When the obtained buckling mode of a compos-

Table 3 Torsional buckling loads: R/t = 100
and [0/90/0]s

Load, £106 N/m

L=R Present Tabiei and Simitsesa

1 0.1714 (9) CL, 0.1576 (9)
FOSD, 0.1568 (9)
HOSD, 0.1559 (9)

5 0.0806 (6) CL, 0.0757 (6)
FOSD, 0.0757 (6)
HOSD, 0.0757 (6)

a.n/: n is the number of waves in the circumference direction.

Table 4 Torsional buckling loads: R/t = 15
and [0/90/0]s

Load, £106 N/m

L=R Present Tabiei and Simitsesa

1 NA CL, 29.320 (5)
FOSD, 17.822 (5)
HOSD, 16.499 (6)

5 NA CL, 4.2910 (3)
FOSD, 4.1510 (3)
HOSD, 4.0985 (3)

a.n/: n is the number of waves in the circumference direction.

Table 5 Torsional buckling loads: R/t = 100
and [30/30/¡ ¡ 60]s

Load, £106 N/m

L=R Present Tabiei and Simitsesa

1 0.2160 (9) CL, 0.3030 (9)
FOSD, 0.2978 (9)
HOSD, 0.2934 (9)

5 0.0544 (5) CL, 0.0613 (5)
FOSD, 0.0613 (5)
HOSD, 0.0613 (5)

a.n/: n is the number of waves in the circumference direction.

Table 6 Torsional buckling loads: R/t = 15
and [30/30/¡ ¡ 60]s

Load, £106 N/m

L=R Present Tabiei and Simitsesa

1 14.840 (5) CL, 56.048 (5)
FOSD, 27.218 (6)
HOSD, 23.855 (6)

5 4.5256 (3) CL, 6.1920 (3)
FOSD, 5.6398 (3)
HOSD, 5.4820 (3)

a.n/: n is the number of waves in the circumference direction.

ite cylinder coincides with that from a reference solution, then the
computed buckling load becomes insensitive to the mesh re� ne-
ment. Numerical results from the present approach are compared
with the reference linear buckling loads1 in Tables 3–6.

Table 3 summarizes torsional buckling loads of thin composite
cylinders with R=t D 100 and [0=90=0]s . Because thicknesses of
the cylinders are thin, reference solutions from three shell theories
with different assumptionsof shear deformation1 are almost identi-
cal to each other. Torsionalbuckling loads from the presentmethod
are slightly different from these reference solutions. The present
buckling loads of the short cylinder .L=R D 1/ and the long cylin-
der .L=R D 5/ are 9.3 and 6.5% larger than those from the linear
buckling analyses (FOSD),1 respectively. The buckling modes co-
incide with reference solutions for the two cases. Figure 5 shows
the bucklingmode of the composite cylinder .R=t D 100, L=R D 1/
with [0=90=0]s .

Torsional buckling loads of thick composite cylinders with
R=t D 15 and [0=90=0]s are summarized in Table 4. In both cases
of composite cylinders with L=R D 1 and 5, the torsion loads that
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Fig. 5 Buckling mode: R/t = 100, L/R = 1, [0/90/0]s .

Fig. 6 Stiffening of thick composite cylinders with R/t = 15 and
[0/90/0]s .

make det K.i / D 0 could not be found, because the determinant of
the tangent stiffnessmatrix grew up without a sign change.Figure 6
shows the stiffeningfor the two cylinders.However, the linearbuck-
ling analysis using the shell theories1 provides torsional buckling
loads.

Table 5 summarizes torsional buckling loads of thin composite
cylinderswith R=t D 100 and [30=30=¡60]s . Because the cylinders
are thinagain,referencesolutionsfrom threedifferentshell theories1

are almost identical.The presentbucklingloadsof the short cylinder
.L=R D 1/ and the long cylinder .L=R D 5/ are 27 and 11% smaller
than those from the linear bucklinganalyses (FOSD),1 respectively.
Bucklingmodes coincidewith referencesolutionsfor the two cases.

Torsionalbucklingloadsof thick compositecylinders.R=t D 15/
with [30=30=¡60]s are compared with reference solutions1 in Ta-
ble 6. In this case, the stiffening is not observed other than in the
previous thick composite cylinder .R=t D 15/ with [0=90=0]s . Tor-
sional buckling load of a short cylinder .L=R D 1/ is 45% less and
that of a long cylinder .L=R D 5/ is 20% less than reference linear
buckling loads (FOSD). The buckling mode of the short cylinder
coincides with the mode obtained from the classical shell theory,
and the mode of the long cylinder is identical to the one from the
linear buckling analysis using the shell theories.

For thin composite cylinders .R=t D 100/ with [¡45=¡45=45]s ,
buckling modes are slightly different from those obtained by using
the linear buckling analyses as summarized in Table 7. However,
the presentbuckling loads for the two cylindersare very close to the
reference solutions.The buckling load of the short cylinder is 4.9%
larger and that of the long one is 2.7% larger than the reference
solutions (FOSD).

In Table 8, torsional buckling loads of thick composite cylinders
.R=t D 15/ with [¡45=¡45=45]s are compared with reference so-
lutions. The present buckling loads are 1.9–1.0% larger than linear
buckling loads (FOSD) for the short and long cylinders. Buckling
modes of the two composite cylindersagree well with the reference
solutions.

Comparing the present results and the reference linear buckling
loads1 based on the shell theories, we can summarize the results as
follows:

Table 7 Torsional buckling loads: R/t = 100
and [ ¡ ¡ 45/¡¡ 45/45]s

Load, £106 N/m

L=R Presenta Tabiei and Simitsesa

1 0.1448 (13) CL, 0.1419 (14)
FOSD, 0.1410 (14)
HOSD, 0.1401 (14)

5 0.0511 (6) CL, 0.0497 (7)
FOSD, 0.0487 (7)
HOSD, 0.0497 (7)

a.n/: n is the number of waves in the circumference direction.

Table 8 Torsional buckling loads: R/t = 15
and [ ¡ ¡ 45/¡¡ 45/45]s

Load, £106 N/m

L=R Presenta Tabiei and Simitsesa

1 11.028 (7) CL, 13.486 (7)
FOSD, 11.244 (7)
HOSD, 10.851 (7)

5 3.7154 (4) CL, 3.7306 (4)
FOSD, 3.6782 (4)
HOSD, 3.6519 (4)

a.n/: n is the number of waves in the circumference direction.

Table 9 Material properties
of Br/Epoxy AVCO 5505/4a

Property Value

E11 218 GPa
G23 Gb

12
º23 0:42b

E22 D E33 18.6 GPa
G12 D G13 6.89 GPa
º12 D º13 0.21

aFrom Ref. 10. bAssumed material prop-
erties.

1) Buckling modes from the two analyses agree well with
each other for most cases. For the thin composite cylinders with
[¡45=¡45=45]s , the present buckling modes are slightly different
from those obtained by using the linear buckling analyses.

2) The present method cannot � nd the bifurcation point of thick
compositecylinders.R=t D 15/ with [0=90=0]s as a resultof stiffen-
ing. For thin cylinders .R=t D 100/ with [0=90=0]s , buckling loads
are close to the linear buckling loads.

3) For composite cylinders with [30=30=¡60]s , the present tor-
sionalbucklingloads are 11–45% less than the linearbuckling loads
from the shell theories.

4) Torsional buckling loads of composite cylinders with
[¡45=¡45=45]s are close to the linear buckling loads based on the
shell theories.

Example 2
Huille et al.3 computed linear buckling loads of relatively long

compositecylinders(pipes) by using the anisotropiclaminatedplate
theory and the Ritz method. They compared their results with ex-
perimental results obtained by Herakovich and Johnson10 and tor-
sional buckling loads calculated by Wu11 based on the nonlinear
equilibrium equation. In the present example, the torsional buck-
ling loads of three composite cylinders are compared with ref-
erence solutions.3 The three composite cylinder have the follow-
ing speci� cations: cylinder 1, [0]8 , R D 0:07536 m, L D 0:3556 m,
t D 0:00094232 m .R=t D 80, L=R D 4:7); and cylinders 2
and 3, [0=45=¡45=90]s or [0=¡45=45=¡90]s , R D 0:07562 m,
L D 0:4826 m, t D 0:00096528 m .R=t D 78, L=R D 6:4).

Material properties used in the computation are listed in Table 9.
The properties that are not provided in Ref. 3 are properly assumed
to construct the three-dimensionalorthotropicconstitutive law. The
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Table 10 Torsional buckling loads of composite cylinders

Load,a N-m

Ply orientation Present Wu11 Huill3 Herakovich10

[0]8 1427 .C41:5%/ 1550 .C53:5%/ 1360 .C34:7%/ 1010
[0/§45/90]s 2698 .C3:4%/ 2640 .¡1:9%/ 2432 .¡9:6%/ 2690
[0/¡45/45/¡90]s 2388 .C1:6%/ 2240 .¡4:7%/ 2026 .¡13:8%/ 2350

a(%): relative error; the experimental data from Ref. 10 are taken as a reference.

three composite cylinders are modeled by using the 14 £ 36 mesh.
Two ends of the cylinders are � xed, so that experiments done by
Herakovich and Johnson10 can be simulated.

In Table 10, the computed torsional buckling loads of the com-
posite cylinders are compared with the three reference solutions.3

Relative errors to the Harakovich’s experimental data10 are given
in parentheses. For composite cylinders with [0=45=¡45=90]s and
[0=¡45=45=¡90]s , especially,the presentsolutionsagree well with
the experimental data10 as well as analytical solutions from Wu.11

Note that the present buckling loads agree better with the exper-
imental data10 than Huille’s linear buckling loads3 do. For com-
posite cylinders with [0]8 , however, all of three numerical results
show large discrepancies with the experimental data. Because the
composite cylinder with [0]8 is sensitive to the initial geometric
imperfection,unlike composite cylinderswith angle plies, the com-
posite cylinder with [0]8 may have buckled prematurely during the
experiment.

V. Conclusions
In the presentpaper, torsionalbucklingloadsof variouscomposite

cylindershavebeen calculatedby using the geometricallynonlinear
assumed strain shell element. The critical torsion load is pinpointed
by checking the determinant of the global stiffness matrix as the
applied load is increased.The load parameter is used to distinguish
the bifurcation point from the limit point. When the determinant
of the global tangent stiffness matrix becomes zero and the load
parameter is not zero for a certain load step, the load size is regarded
as the bifurcation load.

Buckling modes of most composite cylinders obtained from the
present method agree well with the modes from reference solutions
based on the linear buckling analysis, regardless of the ply orien-
tation, the thickness, and the length of cylinders. As for buckling
loads, no simple tendency can be found. Torsional buckling loads
are close to the linear buckling loads only for thin composite cylin-
ders .R=t D 100/ with [45=45=¡45]s ply orientation. Up to 45%
lower buckling loads than the linear buckling loads are computed
for composite cylinders with [30=30=¡60]s . For thick composite
cylinders .R=t D 15/ with [0=90=0]s , no critical point can be found
because of the stiffening.

Therefore, it is found that torsional buckling loads calculated
by the present method can show a large discrepancy with the linear
bucklingloads,dependingon the ply orientationof compositecylin-
ders. Comparing the present torsional buckling of moderately long
composite cylinderswith experimentaldata,we have con� rmed that

the present method can more accurately predict torsional buckling
loads of composite cylinders than the other linear buckling anal-
yses. The present method can be used to � nd buckling loads of
geometrically imperfect composite cylinders.
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